Skew symmetric and orthogonal operators on Courant algebroids are defined and studied. An infinitesimal deformation of a Courant algebroid by a skew symmetric operator is considered. It is given as the differentiation of an orbit by orthogonal transformation. We show that a Lie algebroid theory can be formulated, on Courant algebroid theory side, by these operators and infinitesimal deformations, i.e., 2-forms, bivectors and (1, 1)-tensors on a Lie algebroid are lifted up to skew symmetric operators on a Courant algebroid and a Koszul bracket is represented by an infinitesimal deformation of Courant algebroid. In addition, Poisson-Nijenhuis structures are characterized as skew symmetric operators and we also study gauge transformation of Courant algebroid from orthogonal operators view point.
Introduction
A notion of Courant algebroid is introduced as double of Lie bialgebroids in [13] (we also refer [5] ). Remark 1.2. In [13] , [16] , two types original definitions were given. Recently, a simplified equivalent definition is given in a preprint, see [12] . We adopt the definition of [12] . Here we remark that the axiom (C2) is rewritten equivalently (see [12] ):
Definition 1.1. A Courant algebroid is a smooth vector bundle E → M equipped with a nondegenerate symmetric bilinear form (·, ·) on the bundle, a Lebinze bracket (or called Loday bracket) [[·, ·]] on the set of smooth sections ΓE, a bundle map ρ : E → T M satisfying the following relations (C1), (C2) and (C3):
ρ(x)(y, In [13] , a relation was shown between Lie bialgebroids and Courant algebroids in the following manner. Let (A, A * ) be a Lie bialgebroid. Then the direct sum A ⊕ A * has a Courant algebroid structure, and Lie algebroid structures on A, A * are given as restricted structures of the Courant algebroid structure, i.e., the Lie bracket on ΓA (resp. ΓA * ), the anchor map σ : A → T M (resp. σ * : A * → T M ) are given by [[·, ·]]| ΓA , ρ| A (resp. [[·, ·]]| ΓA * , ρ| A * ) respectively (see [13] ). This fact implies the correspondence principle between Courant algebroid theory and Lie algebroid theory:
Courant algebroid theory
Lie algebroid theory
Here natural questions arise. Poisson structures, closed 2-forms and Nijenhuis structures are tensor objects of Lie algebroid theory. Then, what are the corresponding objects in Courant algebroid theory for these tensor objects in Lie algebroid theory ? How do these tensor objects have the geometrical meanings on the Courant algebroid theory side ? The purpose of this paper is to give an answer to these questions along the diagram (1).
Remark 1.3.
We obtain a solution for the problem, from Roytenberg's early work [19] . His symplectic super-manifold theory gives a super-mathematically aspect of the question above. We also refer [2] . Recently, they also give a solution from Poisson-Nijenhuis geometrical view point.
Suppose we have a smooth vector bundle E → M and a nondegenerate symmetric bilinear form (·, ·) on E. We shall consider a set Cou[E, (·, ·)] of all Courant algebroid structures on the vector bundle E with common non-degenerate symmetric bilinear form (·, ·). Let O[E, (·, ·)] denote the group of all vector bundle automorphisms τ of E preserving the bilinear form (·, ·), i.e., (τ x, τ y) = (x, y), x, y ∈ E. We call an element of O[E, (·, ·)] an orthogonal operator. The group O[E, (·, ·)] acts on Cou(E, (·, ·)) as a transformation group (see (7) of Section 3.1) and the orbits of are an isomorphism classes of Courant algebroid structures on E. In addition, as a corresponding Lie algebra of the group, we define skew symmetric operators by the condition (Sx, y) = −(x, Sy), for all x, y ∈ E. We denote the set by Skew[E, (·, ·)].
Our answer to the question is that the corresponding objects are given as elements of Skew[E, (·, ·)] and geometrical meanings are described by means of O[E, (·, ·)]. For example, 2-forms B and skew bivectors π on a manifold M give bundle map S B (x, a) = (0,B(x)) and S π (x, a) = (π(a), 0) respectively, where (x, a) ∈ T M ⊕ T * M ,B is the operator inducing the 2-form B defined by B(x, y) = y,B(x) and alsoπ is defined by same manner. We can easily see that S B , S π are elements of Skew[T M ⊕ T * M, (·, ·)], where the bilinear form is defined by the well-known canonical formula. Here we notice that S B yields an orthogonal operator such that 1 + tS B = e tSB = τ tB , for any t ∈ R, where τ tB is a gauge transformation operator of [20] . Let S is an element of Skew[E, (·, ·)]. So we can consider the orbit e −tS (E), and the trivial infinitesimal deformation of Courant algebroid structure similar to deformation theory of Lie algebra(oid) (see [15] , [8] ).
where
The From Theorem C, we can see that Koszul bracket by Poisson structure H is a restriction of the deformed bracket by S H of the Courant bracket on E A . Thus we can also see that an induced Lie algebroid structure on A * is a trivial infinitesimal deformation of Lie algebroid structure on A. Further from Theorem B, a Poisson structure is characterized by Leibniz algebra. Remark 1.4. In [19] , an orthogonal operatore τ correspond with F , the transformation is called a twising, and for a double type Courant algebroid E, the transformation τ E is wrote by the twising F * Θ. Theorem A above showed in his work.
In Section 4, we give examples and consider applications of Theorem A and Theorems B, C. In first subsection, we also describe a Poisson-Nijenhuis structure ( [8] ) as a skew symmetric operator. Let N : T M → T M be a bundle map on T M . We set a skew symmetric operator S N (x, a) = (N x, −N * a), for all (x, a) ∈ T M ⊕ T * M . Now we can consider S N is a corresponding object of N . We have a skew symmetric operator S N + S π . In Theorem 4.3, we show that a pair (N, π) is a Poisson-Nijenhuis structure iff ( 
Especially, Ω is a Hamilton operator iff Ω ′ is also Hamilton operator.
From this Theorem, we can view an arbitrary 2-form Ω as a connection form, and we can consider an almost Dirac structure τ π (L Ω ) as the horizontal distribution and a 3-form dΩ + 
Thus we obtain Poisson structures naturally on M , when the condition of Theorem 3.9 is satisfied for a Courant algebroid E → M .
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Courant algebroids 2.1 Notations and examples of Courant algebroid
We quote some examples of Courant algebroid and define several notations. Following examples are already well known. 
The other structures are given by
and d are the induced Lie derivation and exterior derivation respectively. We denote this Courant algebroid by
can also set a Lie algebroid structure with Koszul bracket on A * :
and the anchor map is σ * := σ •H, whereH is the operator inducing the Poisson structure H, defined by H(a, b) = b,H(a) . Thus we also obtain a Courant algebroid structure on A ⊕ A * . We denote this Courant algebroid by
H is the Courant bracket corresponding to the Lie bracket {·, ·} H :
and the bilinear form is defined by the ordinary manner, 
a nondegenerate symmetric bilinear form is the same as on E
A . We denote by E A,H := {A ⊕ A * , [[·, ·]] A,H , (·, ·), ρ A,H }. (E A,H )
Theorem 2.6 of [13]
Theorem 2.6 of [13] is an important theorem for relationship between Lie algebroid and Courant algebroid.
, ρ} be a Courant algebroid and L be a Dirac structure on E (see Definition 3.13). Then L is a Lie algebroid such that the bracket [·, ·] and the anchor map σ are given by the restriction, i.e., [·,
are induced Lie derivations (resp. exterior differentials) respectively. Thus the Courant algebroid structure E is given by the same manner as in Example 2.2, i.e., E is a double of (L 1 , L 2 ). Here we remark that this decomposition of Courant algebroid is not unique.
Operators on Courant algebroids 3.1 Orthogonal operators and Skew symmetric operators
We consider a group of orthogonal operators of Courant algebroids.
For a given vector bundle E → M and a nondegenerate symmetric bilinear form (·, ·) on E, let Cou[E, (·, ·)] denote the set of Courant algebroid structures on E with the nondegenerate symmetric bilinear form (·, ·).
We denote this by 
Here we remark orthogonal operators (8) and (9) are non-commutative:
and satisfy τ
The orthogonal operator τ B is already known as a gauge transformation (see [20] ) and the τ H is also known in [19] and more explicitly in [2] .
We define skew symmetric operators as elements of a corresponding Lie algebra of the group of orthogonal operators. 
Example 3.5. Let t be a real number. A map 
In [2] , already S N is defined as a In [19] , this Lie bracket is wrote by {π, B} and the Lie algebra of skew symmetric operators S B , S N and S H isC 2 . And he call it Atiyah algebra.
We also have an example of non trivial skew symmetric operators for Courant algebroids.
Example 3.7. We set a map on ΓE by S x (y) := x • y. If x ∈ ker ρ then the following hold
In fact, from (CR3), the first equality is given. In general, the condition [13] , [21] ). Since ρ(x) = 0, the second condition is satisfied. Thus corresponding bundle map Hence we consider the orbit e −tS E (see (7)). By the formal computation, we obtain a trivial infinitesimal deformation ( [15] , [8] ) of Courant algebroid:
Infinitesimal deformation of Courant algebroid
where we recall definitions (2) , (3) and (4) of Section 1. We remark here that the deformed quadruple S * E is not necessarily a Courant algebroid. However, we have Lemma 3.8 below 
, and the other identity is easy to see. By definition, we have
The right hand side of (12) is
where we used ρ s = ρ • S and (C3). Thus we consider
By the condition (C3), (13) is equal to ρ(x)(Sy, z) + ρ(x)(y, Sz). Since S is a skew symmetric operator, this is just "zero". This completes the proof. The other identity is followed from the definition and Remark 1.2 of Introduction.
Hence we have An orthogonal operator and a skew symmetric operator satisfy some nice functorial relations. We remark that if
Proposition 3.12. Let E ∈ Cou[E, (·, ·)] with a skew symmetric operator S ∈ Skew[E, (·, ·)] and an orthogonal operator
, which is just τ (S * E), i.e., the following diagram is commutative. 
This shows that a deformed bracket of [[·, ·]]
τ by the skew symmetric operator
* τ E is a Courant algebroid, i.e., it is a deformed Courant algebroid of τ E. For the ρ, it is easily checked.
Dirac structures
In this subsection, we consider relationships among the deformed brackets, orthogonal operators and Dirac structures. Remark 3.14. An original notion of Dirac structure was given in [3] and [4] , and a general notion (Definition 3.13 above) was given in [13] .
In Courant's early work [3] , almost Dirac structure was studied and he distinguished almost type and integrable type.
Orthogonal operators and Dirac structures have a close relation. Suppose E ∈ Cou[E, (·, ·)], and let L ⊂ E be a Dirac structure, τ ∈ O[E, (·, ·)] be an orthogonal operator. Since τ is a bundle isomorphism and the bilinear form (·, ·) is preserved by τ , τ (L) is a maximal isotropic subbundle. The Courant bracket of τ E is closed on τ (L) from the definition of τ E. Thus we obtain Lemma 3.15. Let τ be an orthogonal operator on
We remember that if a Courant algebroid E is a double of Lie bialgebroid (A, A * ) then A and A * are Dirac structures on E. Lemma 3.15 above and Theorem 2.6 of [13] imply that if a Courant algebroid is a double of a Lie bialgebroid then the orbit consists of doubles or Lie bialgebroids. We also remember a Lie bialgebroid (A, A * ) induces a Poisson structure π by the manner π := σ * • σ * , where σ : A → T M , σ * : A * → T M are anchor maps and σ * is a dual map of σ (see [14] Proof. First we set x := (X, α), y := (Y, β) ∈ Γ(A ⊕ A * ). Since τ H = id + S H , from Theorem 3.17 we have
Here
Thus from (14), (15), we obtain 
Applications and Examples
4.1 Poisson-Nijenhuis structure as skew symmetric operator.
First we consider Poisson-Nijenhuis structures in the case: A = T M , A * = T * M and H = π ∈ Γ 2 T M . Let N be a Nijenhuis structure on a smooth manifold M (see [8] , [11] ). Then T M has a non-trivial Lie algebroid structure:
and an anchor map is N : T M → T M . We denote this Lie algebroid by T M N . We define a well-known notion and give a lemma below. A pair (E 1 , E 2 ) of Courant algebroids such that 
Hamilton operators and gauge transformation.
We consider the orbit of Courant algebroid E T M in this subsection. From an Example 4.4, E T M and E T M,π are element of a common orbit. Since E T M,π is a double of (non-trivial) Lie bialgebroid (T M, T * M ), we obtain some interesting results below.
Let B be a closed 2-form on a smooth manifold M . We consider an orthogonal operator τ B (see Example 3.2). This orthogonal operator τ B is called a gauge transformation and the equality τ B (E T M ) = E T M was shown in [20] . We have 
Let (M, π) be a Poisson manifold and Ω be a 2-form (not necessarily closed) on M . We remember Theorem 6.1 and also Example 6.5 of [13] . This theorem says that L Ω := {(x,Ω(x))|x ∈ T M } ⊂ E T M,π is a Dirac structure iff Ω is a Hamilton operator, i.e., satisfies a condition
where {·, ·} π is a Schoten bracket on the Lie algebroid T * M . Example 4.4 gives an alternative geometrical characterization of the condition (16) .
In first, we consider a diagram (17) below. Let Ω be a 2-form, here we do not assume that Ω is a closed-form or a Hamilton operator. Then we have an almost Dirac structure L Ω ⊂ E T M,π , thus we have the second almost Dirac structure
Conversely if an almost Dirac structure L ⊂ E T M satisfies the condition L∩L π = 0 then by the fact τ −π (L π ) = T * M and the assumption,
Thus we obtain
, there is a one to one correspondence between 2-forms Ω and almost Dirac structure
Especially, a Hamilton operator corresponds to a Dirac structure on E T M .
is a solution of (16) . This Poisson pair was studied in Proposition 6.6 of [13] . 
is a Dirac structure and a graph of some Poisson structure π ′ (see a diagram below). This is a gauge transformation between two Poisson structures ([20])
We consider the corresponding Hamilton operator for L −B . From Lemma 4.5, we can put τ −π (L −B ) = L Ωmc for some Hamilton operator Ω mc . We can easily seẽ
This Hamilton operator is already known in [19] . L) ) ⊂ E T M,π ′ , and the commutative diagram: 
, and the following equation (18) holds.
Proof. From the well-known conditionπ ′ =π(1 +B •π) −1 , the proof is given by a straightforward computation.
Remark 4.11. The equation (18) 
Poisson structures and Courant algebroids.
A Courant algebroid structure on a bundle E → M has a derivation D : C ∞ (M ) → ΓE defined by the condition:
We will denote a Courant algebroid by
In the case of Example 4.4, we can obtain the Poisson bracket from the skew symmetric operator S π and the structures of Courant algebroid E T M : {f, g} = 2(S π D 0 f, D 0 g), where D 0 is the derivation of the Courant algebroid E T M which is D 0 f = (0, df ), and {f, g} is just π(df, dg). Therefore we attempt to define a Poisson bracket from Courant algebroid theory. At first, we remember fundamental formulas of Courant algebroids below (see [16] , [21] ). (1), (2) and (3)hold. By Lemma 4.14, we obtain X {f,g} = [X f , X g ].
Thus, for a Courant algebroid E with a skew symmetric operator S, if S * E is also a Courant algebroid then the base manifold has a Poisson structure. Conversely, any Poisson manifold has this Courant algebroid pair (E, S * E), i.e., Examples 4.4, 4.16. (resp. τ (A), τ (A * )) is given by x, a := 2(x, a), x ∈ A, a ∈ A * (resp. x, a := 2(x, a), x ∈ τ (A), a ∈ τ (A * )).
We show ((ρ • τ −1 )| τ A ) * = τ • (ρ| A ) * . Let x ∈ A, τ x ∈ τ (A) and a ∈ T * M . We have 
